On the viability of the Palatini form of 1/R gravity by Vollick, Dan N.
ar
X
iv
:g
r-q
c/
03
12
04
1v
2 
 1
4 
D
ec
 2
00
3
On the viability of the Palatini
form of 1/R gravity
Dan N. Vollick
Department of Physics and Astronomy
and
Department of Mathematics and Statistics
Okanagan University College
3333 College Way
Kelowna, B.C.
V1V 1V7
Abstract
Recently Flanagan [1] has argued that the Palatini form of 1/R gravity is ruled
out by experiments such as electron-electron scattering. His argument involves adding
minimally coupled fermions in the Jordan frame and transforming to the Einstein frame.
This produces additional terms that are ruled out experimentally.
Here I argue that this conclusion is false. It is well known that conformally related
theories are mathematically equivalent but not physically equivalent. As discussed by
Magnano and Sokolowski [2] one must decide, in the vacuum theory, which fame is the
physical frame and add the minimally coupled Lagrangian in this frame. If this procedure
is followed the resulting theory is not ruled out experimentally. The discussions in this
paper also show that the equivalence between the generalized gravitational theories and
scalar tensor theories discussed by Flanagan [3] is only mathematical, not physical.
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Recently there have been several papers that attempt to explain the observed cosmo-
logical acceleration by including a 1/R term in the gravitational Lagrangian. Capozziello
et al. [4] and Carroll et al. [5] used a purely metric variation to obtain the field equa-
tions. This approach was shown to be in conflict with solar system observations by
Chiba [6]. Noriji and Odintsov [7, 8] subsequently showed that this problem may be
cured by adding higher positive powers of the Ricci scalar to the action. I obtained the
field equations by using a Palatini variation and showed that the resulting field equations
can explain the cosmological acceleration [9].
Recently, Flanagan [1] has argued that the Palatini form of the theory is in conflict
with experiments such as electron-electron scattering. In his paper he writes the theory
in a mathematically equivalent form by transforming the gravitational action plus a
minimally coupled matter action to the Einstein frame (see also [3]). This introduces a
new scalar field without a kinetic term. Integrating out the field produces corrections
to the standard model that are experimentally ruled out.
The key problem that invalidates this argument is the failure to properly identify the
physical frame and to add the minimally coupled matter Lagrangian in that frame. A
frame will be called the physical frame if the variables that appear in the formulation of
the theory in that frame are measurable and satisfy all of the requirements of a classical
field theory [2]. Since the metrics in conformally related frames are different it is only
possible for one of them to describe the metrical structure of our spacetime manifold.
This structure can be determined experimentally and will determine which of the metrics
is the physical metric. A simple example, given by Faraoni et al. [10], is a k=0 FRW
universe. The metric, in conformal coordinates, is given by
ds2 = a(η)2[−dη2 + dx2 + dy2 + dz2] . (1)
This metric is conformally equivalent to the Minkowski metric but the Minkowski metric
is not physical as it does not describe the metrical properties of the FRW universe.
The physical inequivalence of the Jordan and Einstein frames in scalar tensor the-
ories and in nonlinear gravitational theories, i.e. theories with a Lagrangian that is an
arbitrary function of the Ricci scalar, has been shown by many authors. All of these
arguments have been formulated within the usual purely metric variation approach.
Bellucci et al. [11] showed that the Einstein and Jordan frame descriptions of the inter-
action of scalar gravitational waves with a detector in Brans-Dicke theory differ. Faraoni
and Gunzig [12] showed that gravitational waves in Brans-Dicke theory violate the weak
energy condition in the Jordan frame but not in the Einstein frame. In scalar tensor the-
ories of gravity the energy density of the gravitational scalar field can violate the weak
energy condition in the Jordan frame, but not in the Einstein frame [2, 10]. Difficulties
have also been shown [13, 14, 15, 16] to occur in quantizing scalar field fluctuations, in
the linear approximation, in the Jordan frame but not in the Einstein frame. This indi-
cates that quantization and conformal transformations do not commute. Magnano and
Sokolowski [2] showed that the Einstein frame is the only physical frame in nonlinear
gravitational theories. All other frame, including the Jordan frame, are not physical.
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They showed that violations of the dominant energy condition occur in all frames ex-
cept the Einstein frame. These examples should suffice to show that the Einstein and
Jordan frames are not physically equivalent. In fact, these examples indicate that for
theories derived from a purely metric variation it is the Einstein frame that is physical.
In general conformally related theories are mathematically equivalent in the sense that
there solution spaces are isomorphic, but they are not physically equivalent. This will, of
course, also apply to the equivalence between the gravitational and scalar tensor theories
discussed by Flanagan in [3].
Now consider the inclusion of matter by adding a minimally coupled matter La-
grangian to the gravitational Lagrangian. In which frame do we add this Lagrangian?
It is obvious that we get different theories if we add it in the Jordan frame or in the Ein-
stein frame. We must first decide, in the vacuum theory, which of the frames is physical
(i.e. which metric is physical) and add the minimally coupled Lagrangian in this frame
(see Magnano and Sokolowski [2]). This ensures that particle masses are constant in the
physical frame. Thus, one cannot add a minimally coupled matter Lagrangian in one
frame and then transform to another frame and conclude that the theory is ruled out
because of the nonminimally coupled terms in the new frame. However, this is exactly
what Flanagan has done to argue that the Palatini form of 1/R gravity is ruled out. If
minimally coupled matter is added in a frame this must be the physical frame and all
predictions of the theory must be calculated in this frame.
Now consider Flanagan’s argument on the non-viability of the Palatini approach to
1/R gravity in more detail. The action is
S[g¯µν , H
λ
µν , ψm] =
1
2κ2
∫
d4x
√−g¯f(Rˆ) + Sm[g¯µν , ψm] , (2)
where g¯µν is the Jordan frame metric, ψm are the matter fields, H
λ
µν is defined by
∇ˆµvλ − ∇¯µvλ = Hλµνvν (3)
for any vector vλ, ∇ˆν is a symmetric connection, ∇¯µ is the connection associated with
the metric g¯µν , Rˆ = g¯
µνRˆµν and
Rˆµν = R¯µν + ∇¯λHλµν − ∇¯µHλλν +HλλσHσµν −HλµσHσλν . (4)
This action is then shown to be mathematically equivalent to the action
S˜[gµν ,Φ, ψm] =
∫
d4x
√−g
[
R
2κ2
− V (Φ)
]
+ Sm[e
2α(Φ)gµν , ψm], (5)
where
V (Φ) =
Φf
′
(Φ)− f(Φ)
2κ2f ′(Φ)2
(6)
and
gµν = e
−2α(Φ)g¯µν (7)
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is the Einstein frame metric.
For 1/R gravity the function f(R) is taken to be
f(R) = R− µ
4
R
. (8)
Flanagan then takes the matter action to be the action for free electrons:
Sm[g¯µν ,Ψe] =
∫
d4xΨ¯e[iγ¯
µ∇¯µ −me]Ψe . (9)
In the Einstein frame the action becomes
S˜[gµν ,Φ,Ψe] =
∫
d4x
√−g
[
R
2κ2
− V (Φ) + ie3α(Φ)Ψ¯eγµ∇µΨe − e4α(Φ)meΨ¯eΨe
]
. (10)
Finally, he integrates out Φ by solving its equations of motion (approximately) and
substituting back into the action to get
S˜[gµν ,Ψe] =
∫
d4x
√−g[ R
2κ˜2
− Λ + iΨ¯eγµ∇µΨe −meΨ¯Ψe − 3
√
3
16m4
∗
(iΨ¯eγ
µ∇µΨe)2
− 1√
3
m2
e
m4∗
(Ψ¯eΨe)
2 +
√
3
4
me
m4∗
(iΨ¯eγ
µ∇µΨe)(Ψ¯eΨe) + ...] ,
(11)
where κ˜ =
√
4/3κ, m∗ =
√
µ/κ and Λ = µ2/(
√
3κ2). The last three terms in the above
action correspond to corrections in the standard model, characterized by the mass scale
m∗ ∼ 10−3eV. Corrections with such a small mass scale are ruled out experimentally
(e.g. in electron-electron scattering). Thus, he concludes that the original theory, given
by the action (2) is ruled out.
The problem with argument is that the minimally coupled Lagrangian is added to
the original Jordan frame Lagrangian (2), so that this must be the physical frame. Thus,
all calculations must be done in this frame and it is easy to see from (2) and from (9)
that no corrections to the standard model arise that are experimentally ruled out. As
discussed earlier, one cannot add a minimally coupled matter Lagrangian in one frame
and then transform to another frame and conclude that the theory is ruled out because
of the nonminimally coupled terms in the new frame. If one wants to take the Einstein
metric as physical the minimally coupled Lagrangian has to be added in that frame. In
this case the matter Lagrangian is independent of Φ and the Φ equation of motion is
V
′
(Φ) = 0. Thus, Φ is a constant and one obtains Einstein’s theory with a cosmological
constant and a minimally coupled Dirac field. As in the original version of the theory
the value of µ can be chosen to give a cosmological constant that can produce the
observed cosmological acceleration. This shows that the theory is therefore viable in
either conformal frame.
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